
MEASURE THEORY AND INTEGRATION – ALTERNATE FINAL EXAM

Q1 Q2 Q3 Q4 Q5 Free points
∑

Total score: 15 20 20 20 15 10 100

Score obtained: 10

1. Assume that (Ω,A, µ) is a probability space. Let (An) be a sequence of measurable sets
satisfying

∞∑
n=1

µ(An) =∞.

Also assume that, for any n1 < n2 < · · · < nk, whenever we have sets Bn1 , . . . , Bnk
with

Bni = Ani or Ac
ni

for each i, the following holds:

µ

(
k⋂

i=1

Bni

)
=

k∏
i=1

µ(Bni). (?)

Show that

µ

( ∞⋂
n=1

∞⋃
m=n

Am

)
= 1.

Hint. You will need the inequality: 1− x ≤ e−x for x > 0.

2. Let (Ω,F) and (Ω′,F ′) be measure spaces. Assume that Ω′ is countable and F ′ is the
σ-algebra of all subsets of Ω′.

(a) Let f : Ω→ Ω′ be a function. Show that f is (F ,F ′)-measurable if and only if

f−1({x}) ∈ F for all x ∈ Ω′.

(b) Let f be as in part (a), assume f is (F ,F ′)-measurable and let C be the σ-algebra
generated by all sets of the form f−1({x}), with x ∈ Ω′. Let g : Ω→ R be (C,B(R))
measurable. Show that there exists an (F ′,B(R))-measurable function h : Ω′ → R
such that g(x) = h(f(x)) for each x ∈ Ω.

3. Let (Ω,A, µ) be a measure space. Let f, f1, f2, . . . : Ω → R be measurable functions
such that

fn(ω)→ f(ω), fn(ω) ≥ fn+1(ω) ≥ 0, ω ∈ Ω.

Show that, if f1 is integrable, then

lim
n→∞

∫
Ω
fn dµ =

∫
Ω
f dµ.

Show that without the assumption that f1 is integrable, the result need not be true.

4. (a) Let 1 ≤ p ≤ q. Give an example of a function f : R→ R that is in Lq(R) but not
in Lp(R).
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(b) Give an example of a function f : R→ R that is in Lp(R) for all p ∈ [1,∞) but is
not in L∞(R).

5. Let (Ω1,F1) and (Ω2,F2) be measurable spaces. Assume that F2 is the trivial σ-algebra,
that is, F2 = {Ω2,∅}. Prove that if f : Ω1 × Ω2 → R is (F1 ⊗ F2,B)-measurable, then
f(ω1, ω2) does not depend on ω2 (that is, f(ω1, ω2) = f(ω1, ω

′
2) for all ω1, ω2, ω′2.
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